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Modeling of elasti
 solids Introdu
tion

Introdu
tion

Frame: foam.

Behavior: both solid or liquid.

Features: light, large spa
e, insulating.

Motivation: insulates, in�ltrates pores, maintain debris in suspension...

Multi-s
ale:

ma
ro: solid,

milli: bubbles,

mi
ro: �lms,

nano: mole
ule.

Figure : Soap foam.
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Modeling of elasti
 solids Introdu
tion

Fo
us

Small liquid fra
tion.

Foam at steady state.

Solid behavior.

S
ale of the bubble.

Homogeneization.

Me
hani
al 
hara
teristi
.

Thermal 
ondu
tivity.
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Modeling of elasti
 solids Introdu
tion

Geometry

Foam

Liquid fra
tion < 6, 3% => ordered sta
k of bubble

with Kelvin geometry.

Bubble: polyhedron made of �lms (�uid)


ontaining gas (air).

Kelvin 
ell:

8 hexagonal fa
es,

6 square fa
es,

36 edges of length l .

PSfrag repla
ements

~
u

~
v

~
w

Figure : Kelvin 
ell.
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Modeling of elasti
 solids Introdu
tion

Rheology

Type of behavior

Elasti
: foam deforms reversibly.

Plasti
: threshold beyond whi
h deformation is irreversible

(rearrangements of bubbles).

Vis
ous: foam �ows as a liquid.

Elasti
ity

Linear stati
 behavior of an elasti
 solid (Hooke's law):

σ = Gε,

where G the elasti
 modulus,

σ the stress tensor,

ε the strain tensor.
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Modeling of elasti
 solids Me
ani
s & thermi
s

Linear elasti
ity

Domain Ω of dimension 3, point
~
x = (x , y , z) ∈ Ω.

Displa
ement u(~x) = (u
x

, u
y

, u
z

)(~x).

Small deformation => linear strain tensor

ε(u) =
1

2

(

∇u +∇ut

)

symetri
.

Isotropi
.

Constitutive equation: (Hooke's law)

σ = 2µε+ λtrε1 symetri
.

with

◮ σ Cau
hy stress tensor.

◮ µ and λ Lamé 
oe�
ients.

Steady state

− div σ = 0 in Ω.
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Modeling of elasti
 solids Me
ani
s & thermi
s

Resolution

Week formulation:

existen
e and uniqueness of the solution.

Galerkin method:

approa
hed problem => approa
hed solution (dis
rete).

Finite element:

◮
de
omposition of the domain in �nite element,

◮

onstru
tion of a spa
e of approximation,

◮
assembly of the sti�ness matrix,

◮
resolution of the asso
iated linear system.
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Modeling of elasti
 solids Me
ani
s & thermi
s

Formulation

Divergen
e theorem

Let Ω ⊂ R
n

, if u ∈ C1(Ω) then
∫

Ω

div u dV =

∫

∂Ω

u · ~N dS

where

~
N is unit normal ve
tor.

Variational formulation

Let V = (H1

b


(Ω))3, we seek for u ∈ V su
h that

∫

Ω

σ(u) : ε(v)−

∫

∂Ω
(σ(u) · ~N) · v = 0, ∀v ∈ V .

where σ · ~N normal stress ve
tor.

Boundary 
onditions: ∂Ω = Γ
u

∪ Γσ

• u = u

d

on Γ
u

imposed displa
ement.

• σ · ~N = T

d

on Γσ tension e�e
t.
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Modeling of elasti
 solids Me
ani
s & thermi
s

Dis
retization

Galerkin: 
onsider V

h

⊂ V of �nite dimension N:

◮
base: fon
tions (ϕ

i

)N
i=1

,

◮
u

h

(x) =

N

∑

i=1

ϕ
i

(x)u
i

.

Appro
hed problem (VF)

h

:

seek for u

h

∈ V

h

su
h that

∫

Ω

σ(u
h

) : ε(v
h

)−

∫

∂Ω
(σ(u

h

) · ~N) · v
h

= 0, ∀v
h

∈ V

h

.

(VF)

h

⇔ linear system A

h

u

h

− F

h

= 0.
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Modeling of elasti
 solids Me
ani
s & thermi
s

Finite element method

Mesh Ω
h

:

◮ Ω =
⋃

K∈Ω
h

K ,

◮
K polygon/polyhedron,

◮
h max diameter of elements.

Spa
e V

h

:

◮

ontinuous,

◮
polynomial by pie
e,

◮
small support.

Sti�ness matrix A

h

.

Solve A

h

u

h

= F

h

.

Figure : Triangular mesh.

•

•

•

•
•

•
i

Figure : Support of ϕ
i

.
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Modeling of elasti
 solids Homogeneization in linear elasti
ity

Homogeneization

Foam:

◮
mi
ros
opi
 level,

◮
heterogeneous medium.

Representative elementary volume:

◮
ma
ros
opi
 level,

◮
homogeneous and 
ontinuous medium.

Representative elementary volume (REV)

l : size of the (REV),

d : size of heterogeneities,

L: size of the stru
ture,

(l ≫ d) ⇒ (REV) represente the heterogeneous mi
rostru
ture.

(l ≪ L) ⇒ the stru
ture is a 
ontinuous medium.
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Modeling of elasti
 solids Homogeneization in linear elasti
ity

Methodology

Solve a boundary value problem on the basi
 
ell V:
◮

appropriate boundary 
onditions,

◮
elementary loading (tra
tion, shearing).

Extra
t the e�e
tive me
hani
al properties:

mi
ro deformation: < ε >,

mi
ro 
onstraint: < σ >.

Dedu
e the heterogeneous behavior:

ma
ro deformation: E =< ε >,

ma
ro 
onstraint: Σ =< σ >.
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Modeling of elasti
 solids Homogeneization in linear elasti
ity

Problem formulation 1/3

Basi
 
ell: V = Kelvin 
ell.

3 symmetry planes =⇒

Periodi
 boundary 
onditions.

Figure :

1

8

of Kelvin 
ell.

Christelle Lusso Numeri
al modeling in elasti
 solid and vis
oplasti
 �uid 16 / 39



Modeling of elasti
 solids Homogeneization in linear elasti
ity

Problem formulation 2/3

Heterogeneous medium:

ε os
illates around its mean value < ε > noted E .

De
omposition of the displa
ement

u(~x) = E · ~x + u(~x) ∀~x ∈ V,

where u is periodi
.

Deformation

ε(u(~x)) = E + ε(u(~x)) ∀~x ∈ V.

ε(u(~x)): �u
tuating term (heterogeneities).
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Modeling of elasti
 solids Homogeneization in linear elasti
ity

Problem formulation 3/3

Lo
al problem on V:

− div σ(~x) = 0 ∀~x ∈ V,

σ = 2µε(u) + λtrε(u)1,

ε(u) =
1

2

(∇u +∇u

t),

u(~x) = E · ~x + u(~x), ∀~x ∈ V,

u = u

d

on Γ
u

,

σ · ~N = T

d

on Γσ.

=> lo
al �elds σ and ε indu
ed by the ma
ro deformation E .

Homogenisation for periodi
 media

Uniqueness of the e�e
tive properties < σ > and < ε >,


al
ulated on the basi
 
ell V.
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Modeling of elasti
 solids Homogeneization in linear elasti
ity

Mean value

Apply ma
ro deformation (3 tra
tions, 3 shears).

Determination of < σ >:
◮

mean formule:

< σ >: E =
1

|Ω|

∫

Ω

σ : E dV

◮
week formulation in v = E · ~x

< σ >: E =
1

|Ω|

∫

∂Ω

T · (E · ~x) dS

Example

E = e

x

⊗ e

x

tra
tion in x dire
tion:

< σ
xx

>=
1

|Ω|

∫

∂Ω
T ·





x

0

0





dS
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Modeling of elasti
 solids Homogeneization in linear elasti
ity

Elasti
ity tensor

Generalized Hooke's law:

σ = C : ε that is σ
ij

= C
ijkl

ε
kl

,

with C the elasti
ity tensor (symmetri
).

Equivalent homogeneous law:

Σ = C : E ,

= =

< σ > < ε >

with C the ma
ro elasti
ity tensor.

Voigt notation:























Σ
xx
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Σ
zz

Σ
xy

Σ
yz

Σ
xz























=
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















C
xxxx
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C
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C
yyxy

C
yyyz

C
yyxz

x x C
zzzz

C
zzxy

C
zzyz

C
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C
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C
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








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
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ε
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
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Modeling of elasti
 solids Thermal 
ondu
tion

Thermal 
ondu
tion

Domain Ω of dimension 3, point
~
x = (x , y , z) ∈ Ω.

Temperature T (~x), heat �ow ~
q(~x).

Condu
tion: transfer of energy between parti
les.

Constitutive equation: (Fourier's law)

~
q = −κ∇T in Ω.

where κ is the 
ondu
tivity 
oe�
ient.

Thermal balan
e law

div
~
q = 0 in Ω.
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Modeling of elasti
 solids Thermal 
ondu
tion

Variational formulation

We seek for T ∈ H

1

b


(Ω) su
h that

∫

Ω

κ∇T · ∇v −

∫

∂Ω
κ(∇T · ~N)v = 0, ∀v ∈ H

1

b


(Ω).

Boundary 
onditions: ∂Ω = Γ
T

∪ Γ
q

• T = T

d

on Γ
T

imposed temperature (isotherm).

• ~
q · ~N = 0 on Γ

q

no �ux (insulation).

Lo
al problem on V with a ma
ro loading A

div
~
q(~x) = 0 ∀~x ∈ V,

~
q = −κ∇T in V,

T (~x) = A · ~x + τ (~x), ∀~x ∈ V, with τ periodi
.

τ = τ
d

on Γ
T

,

~
q · ~N = 0 on Γ

q

.
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Modeling of elasti
 solids Thermal 
ondu
tion

Homogeneization

Apply 3 loading A: dire
tions x , y and z .

Determination of mean �ux

< ~
q >=

1

|V |

∫

∂Ω
(~q · ~N) · ~x dS

Ma
ros
opi
 �ux:

Q =< ~
q > .

Equivalent homogeneous law

Q = K · ∇T ,

where K is the ma
ro 
ondu
tivity tensor.
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Modeling of elasti
 solids In
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Modeling of elasti
 solids In
ompressibility

In
ompressibility

Lamé 
oe�
ient λ linked to the 
ompressibility of the material:

λ → ∞ => in
ompressible material

(div u → 0)

Repla
e −λ div u by p and 
onsider

σ = 2µε(u) − pId (
onstitutive equation),

div u = 0 (mass 
onservation).

Balan
e

− div σ = 0 in Ω.

+ boundary 
onditions.

Two unknows (u, p) ⇒ mixte variational formulation.

Finite element approximation P
2/P1.
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Modeling of vis
oplasti
 �ows Dru
ker�Pragel model
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Modeling of vis
oplasti
 �ows Dru
ker�Pragel model

Geophysi
al �ows modeling: avalan
hes, landslides, pyro
lasti
 �ows.

Study of the �uid/solid transition in a two-phase �uid.

Dynami
s with motionless part at the bottom and mobile on the

surfa
e.

Main di�
ulties:

Rheology: - vis
osity and plasti
ity,

- yield stress, transition.

Free surfa
e.
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Modeling of vis
oplasti
 �ows Dru
ker�Pragel model

Yield stress �uid

Features:

Existen
e of a �ow threshold.

Below the yield limit, the stress 
annot 
ause the �ow.

Phase transition

Simultaneous existen
e:

stati
 part & mobile part.

PSfrag repla
ements

stati


mobile
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Modeling of vis
oplasti
 �ows Dru
ker�Pragel model

Vis
oplasti
 rheology

~
U velo
ity, p pressure.

Stress tensor: P = σ − pId, trσ = 0.

Vis
oplasti
 law ⇒ yield 
riterion

Bingham law:

σ = 2ηD~
U + σ




D

~
U

||D~
U||

if D

~
U 6= 0,

‖σ‖ ≤ σ



, σ symmetri
 if D

~
U = 0,

with D

~
U the strain tensor and η the vis
osity.

Dru
ker�Prager law:

σ = 2ηD~
U + κ(p)

D

~
U

||D~
U||

if D

~
U 6= 0,

||σ|| ≤ κ(p), σ symmetri
 if D

~
U = 0,

with κ(p) the plasti
ity.
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Modeling of vis
oplasti
 �ows Dru
ker�Pragel model

Domain des
ription

Domain Ω
t

time dependent (free surfa
e Γ
f ,t).

Fixed bottom Γ
b

.

D

~
U = 0

D

~
U 6= 0

Ω
t

Γ
b

Γ
f ,t

Boundary 
ondition: P .~N = 0 on Γ
f ,t and

~
U = 0 on Γ

b

.

Kinemati
 
ondition: N

t

+ ~
N · ~U = 0 on Γ

f ,t .

Fluid/solid interfa
e between two phases, 
hara
terized by

D

~
U zero or D

~
U nonzero.

Interfa
e not des
ribed expli
itly.
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Modeling of vis
oplasti
 �ows Dru
ker�Pragel model

Conservation equations

In
ompressible Navier�Stokes equations:

ρ
(

∂
t

~
U + (~U.∇~

X

)~U
)

+ div~
X

P = ρ~f in ]0,T [×Ω
t

,

div~
X

~
U = 0 in ]0,T [×Ω

t

.

Vis
oplasti
 �uid of Bingham type:

σ = 2ηD~
U + κ(p)

D

~
U

‖D~
U‖

if D

~
U 6= 0,

‖σ‖ ≤ κ(p), σ symmetri
 if D

~
U = 0,

where D

~
U = ∇~

U+∇~
U

t

2

.

Dru
ker�Prager relation:

κ(p) =
√
2µ[p]+,

µ internal fri
tion 
oe�
ient.
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Modeling of vis
oplasti
 �ows Dru
ker�Pragel model

Overall presentation

One dimensional:

∂
t

U + S − ν∂2

ZZ

U = 0 ∀Z ∈ ]b(t), h[,

U = 0 in Z = b(t),

ν∂
Z

U = 0 in Z = b(t),

ν∂
Z

U = 0 in Z = h.

simpli�ed model with sour
e term,

formulation with b(t) the interfa
e,

invis
id 
ase: analyti
al solution,

vis
ous 
ase: - numeri
al resolution

- 
omparison with experiments.

Two dimensional:

...
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Modeling of vis
oplasti
 �ows Dru
ker�Pragel model

Resolution

Regularization by ǫ ≪ 1 of the 
onstitutive equation.

ALE method for the displa
ement of the domain Ω
t

.

Spa
e dis
retization in P
2/P1 �nite elements.

Numeri
al lo
al surfa
e tension (erodible bed).
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Modeling of vis
oplasti
 �ows Numeri
al results
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Modeling of vis
oplasti
 �ows Numeri
al results

Granular 
ollapse

Comparison:

Thi
kness pro�le (free surfa
e evolution).

Position of the stati
/�owing interfa
e.

Con�gurations:

l

0

h

0

α
0

(a) rigid bed

l

0

h

0

α
0

(b) erodible bed

h

e

Parameters:

α
0

= 70

◦
, h

0

= 25
m, h

e

= 5mm, l

0

= 29.7
m(a)/80
m(b).
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Modeling of vis
oplasti
 �ows Numeri
al results

Freesurfa
e (rigid bed)

 0
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 0  5  10  15  20  25  30  35  40

Z
(c

m
)

X(cm)

freesurface (trapeze)

t=0.18s (REG)
t=0.18s (EXP)

 0

 5

 10

 15

 20

 25

 0  5  10  15  20  25  30  35  40  45  50

Z
(c

m
)

X(cm)

freesurface (trapeze)

t=0.3s (REG)
t=0.3s (EXP)

 0

 5

 10

 15

 20

 25

 0  10  20  30  40  50  60  70

Z
(c

m
)

X(cm)

freesurface (trapeze)

t=0.48s (REG)
t=0.48s  (EXP)

 0

 5

 10

 15

 20

 25

 0  10  20  30  40  50  60  70  80

Z
(c

m
)

X(cm)

freesurface (trapeze)

t=1.02s (REG)
t=1.02s (EXP)

The regularization method leads to: • faster dynami
s than in experiments,

• �nal deposit very well approximated.
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Modeling of vis
oplasti
 �ows Numeri
al results

Stati
/�owing interfa
e (rigid bed)
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The regularization method leads to: • overall good approximation of interfa
e position,

• position underestimated on top of the left side.
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Modeling of vis
oplasti
 �ows Numeri
al results

Freesurfa
e (erodible bed)

 0

 5

 10

 15

 20

 25

 0  10  20  30  40  50  60  70  80

Z
(c

m
)

X(cm)

freesurface (trapeze/erodible bed)

t=0.18s (REG)
t=0.18s (EXP)

 0

 5

 10

 15

 20

 25

 0  10  20  30  40  50  60  70  80

Z
(c

m
)

X(cm)

freesurface (trapeze/erodible bed)

t=0.3s (REG)
t=0.3s (EXP)

 0

 5

 10

 15

 20

 25

 0  10  20  30  40  50  60  70  80

Z
(c

m
)

X(cm)

freesurface (trapeze/erodible bed)

t=0.48s (REG)
t=0.48s (EXP)

 0

 5

 10

 15

 20

 25

 0  10  20  30  40  50  60  70  80

Z
(c

m
)

X(cm)

freesurface (trapeze/erodible bed)

t=1.02s (REG)
t=1.02s (EXP)

The regularization method with lo
al surfa
e tension leads to:

• 
omparable pro�les all along the simulation,

• �nal deposit well approximated.
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Con
lusions & perspe
tives

Con
lusions (Geophysi
s):

Two-dimensional �ows of vis
oplasti
 materials with

pressure-dependent yield stress.

Regularization method with evolution of the mesh.

Granular 
ollapse with erosion pro
ess.

Perspe
tives (Me
ani
s):

Reinfor
ement by parti
les.

Film thi
kness.

Thermi
s (radiation) and a
ousti
.

Study of transition fbb-b

.
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