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Introdu
tion

Geophysi
al �ows modeling : avalan
hes, landslides, pyro
lasti
 �ows.

Study of the �uid/solid transition in a two-phase �uid.

Dynami
s with motionless part at the bottom and mobile on the

surfa
e.

Main di�
ulties :

Rheology : - plasti
ity and vis
osity,

- yield stress, transition.

Free surfa
e.
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Introdu
tion

Yield stress �uid

Features :

Existen
e of a �ow threshold.

Below the yield limit, the stress 
annot 
ause the �ow.

Phase transition

Simultaneous existen
e :

stati
 part & mobile part.

PSfrag repla
ements

stati


mobile
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Introdu
tion

Vis
oplasti
 rheology

~
U velo
ity, p pressure.

Stress tensor : P = σ − pId, trσ = 0.

Vis
oplasti
 law ⇒ yield 
riterion

Bingham law :

σ = 2ηD~
U + σ




D

~
U

||D~
U||

if D

~
U 6= 0,

‖σ‖ ≤ σ



, σ symmetri
 if D

~
U = 0,

with D

~
U the strain tensor and η the vis
osity.

Dru
ker�Prager law :

σ = 2ηD~
U + κ(p)

D

~
U

||D~
U||

if D

~
U 6= 0,

||σ|| ≤ κ(p), σ symmetri
 if D

~
U = 0,

with κ(p) the plasti
ity.
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Dru
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Dru
ker�Prager model Model formulation

Domain des
ription

The domain Ω
t

is time dependent (free surfa
e Γ
f ,t).

Fluid/solid interfa
e between the two phases, 
hara
terized by

D

~
U zero or D

~
U nonzero.

The interfa
e is not des
ribed expli
itly.

Fixed bottom Γ
b

.

D

~
U = 0

D

~
U 6= 0

Ω
t

Γ
b

Γ
f ,t

Boundary 
ondition : P .~N = γ~N on Γ
f ,t and

~
U = 0 on Γ

b

.

Kinemati
 
ondition : N

t

+ ~
N · ~U = 0 on Γ

f ,t .
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Dru
ker�Prager model Model formulation

Conservation equations

In
ompressible Navier�Stokes equations :

ρ
(

∂
t

~
U + (~U.∇~

X

)~U
)

+ div~
X

P = ρ~f in ]0,T [×Ω
t

,

div~
X

~
U = 0 in ]0,T [×Ω

t

.

Vis
oplasti
 �uid of Bingham type :

σ = 2ηD~
U + κ(p)

D

~
U

‖D~
U‖

if D

~
U 6= 0,

‖σ‖ ≤ κ(p), σ symmetri
 if D

~
U = 0,

where D

~
U = ∇~

U+∇~
U

t

2

.

Dru
ker�Prager relation :

κ(p) =
√
2µ

s

[p]+,

µ
s

internal fri
tion 
oe�
ient.
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Dru
ker�Prager model Model formulation

Geometry and boundary 
onditions (a)-(b)

Periodi
 �ow over an in
lined rigid bed (a)

No-slip 
ondition at the bottom :

~
U(t, ~X ) = 0 on Γ

b

.

Periodi
ity 
ondition on the lateral

side Γ
l ,t ∪ Γ

r ,t.

Γℓ,t

Γ
b

Γ
f ,t

Γ
r ,t

θ
Z

X

No-stress 
ondition at the free surfa
e : P · ~N = 0 on Γ
f ,t .

Kinemati
 
ondition at the free surfa
e : N

t

+ ~
N · ~U = 0 on Γ

f ,t .

Initial 
ondition :

~
U(0, ~X ) = ~

U

0

(~X ).
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Dru
ker�Prager model Model formulation

Collapse over a rigid (b)/erodible (b

e

) bed

No-penetration 
ondition :

~
U(t, ~X ) · ~N = 0 on Γ

b,t ∪ Γℓ,t .

Coulomb fri
tion 
ondition :

σ
T

= − µ
b/ℓ

~
U

T

|~U
T

|
[p − P

N

]+ if

~
U

T

6= 0.

|σ
T

| ≤ µ
b/ℓ [p − P

N

]+ if

~
U

T

= 0.

on Γ
b,t ∪ Γℓ,t .

Fri
tion 
oe�
ient : µ
b/ℓ = µ

b

on Γ
b,t ,

µ
b/ℓ = µℓ on Γℓ,t .

(b)

Γℓ,t

Γ
b,t

Γ
f ,t

(b

e

)

Γℓ,t

Γ
b,t

Γ
f ,t

(b) : No-stress 
ondition : P · ~N = 0 on Γ
f ,t .

(b

e

) : Lo
al surfa
e tension : P · ~N = γ ~
N on Γ

f ,t .

Kinemati
 
ondition on Γ
f ,t and initial 
ondition.
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Dru
ker�Prager model Regularization and variational formulation

Regularization

Motivation :

Regularization

⇓
variational equation

VS

Augmented Lagrangian

⇓
variational inequation

Regularized 
onstitutive equation :

σǫ = 2ηD~
U + κ(p)

D

~
U

√

||D~
U ||2 + ǫ 2

, 0 < ǫ ≪ 1,

with κ(p) =
√
2µ

s

[p]+.
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Dru
ker�Prager model Regularization and variational formulation

Spa
es

We 
onsider

V :=

{

~
V ∈ L

2(0,T ;V
t

)

∣

∣

∣

∣

∣

d

~
V

dt

∈ L

2(0,T ;V ′

t

)

}

,

M := L

2(0,T ;M
t

),

with

(a) V

t

:=
{

~
V ∈ H

1(Ω
t

)2
∣

∣

∣

~
V = 0 on Γ

b

, ~
V (~X ) = ~

V (T (~X )) for ~
X ∈ Γℓ,t

}

,

(b) V

t

:=
{

~
V ∈ H

1(Ω
t

)2
∣

∣

∣

~
V ·N = 0 on Γ

b,t ∪ Γℓ,t

}

,

and M

t

= L

2(Ω
t

).
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Dru
ker�Prager model Regularization and variational formulation

Variational formulation

Find (~U , p) ∈ V ×M su
h that for almost all t ∈ (0,T ), and all

(~V , q) ∈ V

t

×M

t

,

∫

Ω
t

ρ
(

∂
t

~
U + (~U · ∇)~U

)

· ~V +

∫

Ω
t

2ηD~
U : D ~

V +

∫

Ω
t

κ(p)
D

~
U

√

||D~
U||2 + ǫ

2

: D ~
V

−

∫

Ω
t

p div

~
V +

∫

Γ
b,t∪Γℓ,t

µ
b/ℓ

~
U

T

· ~V
√

|~U
T

|2 + ǫ
f

2

[p − P

N

]+ =

∫

Ω
t

ρf · ~V +

∫

Γ
f ,t

γ ~
V · ~N ,

∫

Ω
t

q div

~
U = 0.

(a) : - µ
b/ℓ = 0 (no fri
tion),

- γ = 0 (no surfa
e tension).

(b) : µ
b/ℓ > 0 (Coulomb fri
tion).

(b

e

) : γ > 0 (lo
al surfa
e tension).
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Dru
ker�Prager model Regularization and variational formulation

Displa
ement of the domain

Ω̂ : referen
e domain

Ω
t

: 
urrent domain

PSfrag repla
ements

Â
t

Ω̂ Ω
t

Domain velo
ity :

~
W (t, x) =

∂Â
t

∂t
(x̂), with x̂ = Â−1

t

(x).

Time derivative treatement :

∫

Ω
t

∂
t

~
U · ~V =

∫

Ω
t

∂
t

((~U · ~V ) ◦ Â
t

) ◦ Â−1

t

−
∫

Ω
t

(( ~W · ∇)~U) · ~V .

for

~
V su
h as

~
V (t, x) =

~̂
V (Â−1

t

(x)).

J. F. Gerbeau, C. Le Bris, T. Lelievre, Mathemati
al methods for the magnetohydrodynami
s of liquid metals,

Oxford University Press, 2006.
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Dru
ker�Prager model Regularization and variational formulation

Determination of

~
W

We solve an ellipti
 problem inside Ω
t

:

− div(D ~
W ) = 0 in Ω

t

.

We extend suitable boundary values 
onsistent with the kinemati
 BC :

◮
Boundary 
onditions (a) :

( ~W − ~
U) · ~N = 0 on Γ

b

∪ Γ
f ,t ,

~
W · ~N = 0 on Γℓ,t ∪ Γ

r ,t ,

(D ~
W

~
N)

T

= 0 on Γ.

◮
Boundary 
onditions (b) :

( ~W − ~
U) · ~N = 0 on Γ,

(D ~
W

~
N)

T

= 0 on Γ.
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Dru
ker�Prager model Dis
retization

Dis
retization

Mesh mapping :

A
n,n+1

: Ωn → Ωn+1

~
X 7→ ~

X +∆t

n

~
W

n

(~X ).

Time derivative dis
retization :

∫

Ω
t

∂
t

~
U · ~V =

∫

Ωn+1

(

~
U

n+1 − ~
U

n ◦ A−1

n,n+1

∆t
− ~
W

n

◦ A−1

n,n+1 · ∇~
U

n+1

)

· ~V + O(∆t).

V

n = H

1

b


(Ω
t

n) and M

n = L

2(Ω
t

n).
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Dru
ker�Prager model Dis
retization

Given (~Un+1,k , pn+1,k ), �nd (~Un+1,k+1, pn+1,k+1) ∈ V n+1 ×M

n+1
su
h that for all

(~V , q) ∈ V n+1 ×M

n+1
,

∫

Ωn+1

ρ

(

~
U

n+1,k+1 − ~
U

n ◦ A−1

n,n+1

∆t
n

+

[

(

~
U

n+1,k − ~
W

n

◦ A−1

n,n+1

)

· ∇

]

~
U

n+1,k+1

)

· ~V

+

∫

Ωn+1





2η +
κn+1,k

√

‖D~
U

n+1,k‖2 + ǫ
2





D

~
U

n+1,k+1 : D ~
V

−

∫

Ωn+1

p

n+1,k+1
div

~
V +

∫

Γ
n+1

b

∪Γ
n+1

ℓ

µ
b/ℓ

~
U

n+1,k+1

T

· ~V
√

|~Un+1,k

T

|2 + ǫ
f

2

[pn+1,k − P

n+1,k

N

]+

+

∫

Γ
n+1

b

∪Γ
n+1

ℓ

ξ (~Un+1,k+1 · N)(~V ·N) =

∫

Ωn+1

ρf
n+1 · ~V +

∫

Γ
n+1

f

γ ~
V ·N ,

∫

Ωn+1

q div

~
U

n+1,k+1 = 0,

◮ κn+1,k =
√
2µ

s

[pn+1,k ]+,
◮ ξ ≫ 1 penalty parameter (ξ = 0 in 
ase (a)).

Spa
e dis
retization : P
2

/P
1

�nite element (Taylor-Hood).
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Dru
ker�Prager model Dis
retization

Domain velo
ity

~
W

n

h

We look for

~
W

n

h

∈ P
2

(Ωn

h

)2 su
h that for all

~
V

h

∈ P
2

(Ωn

h

)2,

∫

Ωn

h

D

~
W

n

h

: D ~
V

h

+

∫

Γn

h

ξ̂ ( ~W n

h

− ~
U

n

h

) ·N (~V
h

·N) = 0,

ξ̂ ≫ 1 penalty parameter.

(a) Γ = Γ
b

∪ Γ
f ,t ,

(b) Γ = Γ.
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Dru
ker�Prager model Dis
retization

Update Algorithm

We suppose that Ωn

h

,

~
U

n

h

, p

n

h

are known and we 
ompute

~
W

n

h

.

We move the nodes of the mesh a

ording to A
n,n+1

.

In 
ase (b) we may need to limit the time step so that the free surfa
e

nodes do not 
ross the bottom :

• •
•
•

••••••

•
•

• • • • • • •

•
•

••••

•
•

• • • • • •
•

Thus we obtain Ωn+1

h

.

Finally, we 
ompute (~Un+1

h

, pn+1

h

) on Ωn+1

h

.
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Dru
ker�Prager model Dis
retization

Surfa
e tension (b

e

)

Di�
ulty : erodible bed geometry ⇒ folding up of the free surfa
e.

Key : apply lo
al surfa
e tension with γ = γ
0

C :

- γ
0

= o(h) with h the mesh size,

- C = dθ/ds lo
al 
urvature of the free surfa
e.

Numeri
al approximation :

• •

•

N

i

~
R

i

~
R

i+1

δθ
i

N

i

free surfa
e nodes.

~
R

i

=
−−−−→
N

i−1

N

i

.

δθ
i

angular variation.

C
i

=
δθ

i

(

|~R
i+1

|+ |~R
i

|
)

/2

urvature at N

i

.
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Dru
ker�Prager model Dis
retization

• •
•
•

• • • •
i




N

0

N

nbv

C
i

is largest in i




we apply surfa
e tension around i




of extension δ > 0

γ
0,i = γ

0

(

max

{

0, 1−
(

i − i




δ

)

2

})

2

.
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Dru
ker�Prager model Dis
retization

Validity test
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Figure: Comparison between regularization method with surfa
e tension (full lines)

and regularization method without surfa
e tension (dotted lines).
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1D/2D 
omparison

Model with sour
e term (S)

Assumptions :

Change of 
oordinates

~
X 7→ (X ,Z ),

shallow water assumptions,

X parameter.

Simpli�ed model [1℄

∂
t

U(t,Z ) + S(t,Z)− ν∂2
ZZ

U(t,Z ) = 0 ∀Z ∈ ]b(t), h[,

U = 0 at Z = b(t),

ν∂
Z

U = 0 at Z = b(t),

ν∂
Z

U = 0 at Z = h.

[1℄ Modélisation numérique des é
oulements gravitaires vis
oplastiques ave
 transition �uide/solide, PhD thesis.

Université Paris-Est, Champs-sur-Marne, 2013.
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1D/2D 
omparison

Case (a) : uniform �ow with plug

Longitudinal velo
ity U(t,Z ) solving (S),

S(t,Z) = g 
os θ(µ
s

− tan θ) 
onstant sour
e term,

θ angle of in
lined domain Ω.

µ
s

> tan θ =⇒ • ~
U = (U, 0) solution of (NSDP) with BC (a),

• the pressure is hydrostati
 : p = g 
os θ(h − Z ).

Velo
ity error :

U(t,Z ) extended on the 2D mesh,

error between U and the longitudinal 
omponent of

~
U.
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1D/2D 
omparison

Numeri
al results

ǫ = 10

−2

: regularization error dominates.

ǫ = 10

−6

: regularization error dominated by dis
retization error.

Numeri
al 
onvergen
e of order 1 in spa
e and in time.

 0.0001

 0.001

 0.01

 0.1

 1e-08  1e-07  1e-06  1e-05  0.0001  0.001  0.01

nu=1e-03

 0.0001

 0.001

 0.01

 0.1

 1e-08  1e-07  1e-06  1e-05  0.0001  0.001  0.01

nu=1

Figure: Velo
ity error with respe
t to ǫ.

ǫ 10

−2

10

−4

10

−6

10

−8

total iter 824 2958 5086 5272

ǫ = 10

−8 =⇒ saturation of

iterations 
ost.
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Simulation of granular 
ollapse
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Simulation of granular 
ollapse

Case (b) : 
ollapse over horizontal plane

Comparison of numeri
al results with :

Numeri
al results from augmented Lagrangian formulation [1℄.

Experimental results from laboratory experiments [2℄.

Pro�les

Thi
kness pro�le (free surfa
e evolution).

Components of velo
ity pro�les U

X

and U

Z

.

Position of the stati
/�owing interfa
e.

[1℄ D. Bres
h, E. D. Fernandez-Nieto, I. Iones
u, P. Vigneaux, Augmented Lagrangian Method and Compressible

Vis
o-Plasti
 Flows : Appli
ations to Shallow Dense Avalan
hes, Advan
es in Mathemati
al Fluid Me
hani
s, 2010.

[2℄ M. Farin, A. Mangeney, O. Ro
he, Fundamental 
hanges of granular �ow dynami
s, deposition, and erosion

pro
esses at high slope angles : Insights from laboratory experiments, J. Geophys. Res. Earth Surf., 2014.
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Con�guration

Physi
 parameters :

- µ
s

= tan 25.5◦,

- µ
b

= tan 25.5◦,

- µ
l

= tan 10.2◦,

- η = 1Pa.s,

- ρ = 1550kg.m−3.

Geometri
 parameters :

- α
0

= 70

◦,

- h

0

= 25
m,

- h

e

= 5mm,

- l

0

= 29.7
m(I)/80
m(II).

l

0

h

0

α
0

(I) rigid bed

l

0

h

0

α
0

(II) erodible bed

h

e
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Meshes

Initial mesh :

Final mesh :

Figure: Initial and �nal (t ≥ 0.7s) meshes for the regularization method with

ǫ = 10

−6

s

−1

.
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Freesurfa
e

Parameters : - ǫ = ǫ
f

= 10

−6

s

−1

.

- ∆X ≃ 10

−2

m, ∆t = 10

−3

s, and ε
stop

= 10

−3

.

 0
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Z
(c

m
)

X(cm)

freesurface (trapeze)

t=0.18s (REG)
t=0.18s    (AL)
t=0.3s   (REG)
t=0.3s      (AL)
t=0.48s (REG)
t=0.48s    (AL)
t=1.02s (REG)
t=1.02s    (AL)

The regularization method leads to :
• less de
reasing thi
kness on the left side,

• slightly faster front propagation (on the right),

• 7 times faster running.
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Velo
ity 
omponents U

X

and U

Z

Verti
al se
tions : X

g

− 10
m and X

g

(X

g

= 29.7
m front position).
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Stati
/�owing interfa
e
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Interfa
e approximation : - verti
al se
tions X

i

∈ [0,Xmax

t

], with Xmax

t

the Ω
t

length,

- lim

{

y ∈ [0, h(t,X
i

)]
∣

∣

∣
|~U(X

i

, y)| > ε~
U

}

, ε~
U

= 10

−3

m.s

−1

.
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Freesurfa
e
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The regularization method leads to : • faster dynami
s than in experiments,

• �nal deposit very well approximated.
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Velo
ity 
omponents U

X

and U
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The regularization method leads to : • velo
ity pro�les qualitatively reprodu
ed,

• maximum horizontal velo
ity 
lose to free surfa
e.
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Stati
/�owing interfa
e
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The regularization method leads to : • overall good approximation of interfa
e position,

• position underestimated on top of the left side.
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Erodible bed

Framework :

erosion pro
ess modeling.

Goal :

simulation of a granular 
ollapse over an erodible bed made of the

same material represented by a thin layer of thi
kness h

e

= 5mm under

the trapezoidal 
olumn.

l

0

h

0

α
0

h

e

Mean :

lo
al surfa
e tension e�e
ts.
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Freesurfa
e
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The regularization method with lo
al surfa
e tension leads to :

• 
omparable pro�les all along the simulation,

• �nal deposit well approximated.
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Figure: Comparison of the stati
/�owing interfa
e between the regularization

method with ǫ = 10

−1

s

−1

and with ǫ = 10

−6

s

−1

.
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Con
lusions

Two-dimensional �ows of vis
oplasti
 materials with

pressure-dependent yield stress.

Regularization method with evolution of the mesh.

Validation : simple shear �ow 
on�guration and 
omparison with

augmented Lagrangian method.

Regularization runs faster than augmented Lagrangian.

Geophysi
ally relevant 
on�gurations : granular 
ollapse.

Erosion pro
ess simulation.
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Perspe
tives

Adaptive mesh.

In
lined plane.

Re
tangle geometry.

Vis
osity pressure-rate dependent.

Fri
tion pressure-rate dependent.
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